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Modal synthesis techniques have long been used to evaluate the natural frequencies and mode shapes of
systems for which modal characteristics of the various components have been determined either experimentally
or numerically. However, little attention has been given in the prediction of damping levels of the total structure
from damping information obtained experimentally, usually in the form of modal damping ratios and complex
or real mode shapes. The purpose of this paper is to present such a method, to demonstrate its use on a simple
example, and to discuss two numerical aspects related to its numerical implementation: Hermitian matrices and
use of transformations of the displacements only, rather than transformations twice the size incorporating
velocities and displacements. Only the method of fixed constraint modes is presented herein, and damping at the

joints of the substructures is not considered.

Introduction

T is generally agreed that damping prediction, based on

modal synthesis techniques utilizing only modal damping
information, is inappropriate. For synthesis with real normal
modes of the structural components, the off-diagonal ele-
ments of the transformed damping matrix should be used to
obtain better damping estimates. !

Although the use of multiple shakers in sinusoidal testing
is useful in determining real normal modes,> modern modal
analysis techniques may be used to extract complex modes
and the corresponding frequency and damping information
from single- or multiple-point excitation techniques, either in
random or sinusoidal testing.?

A previous Note presented a damping synthesis procedure
for which both displacement and momentum quantities were
included in the global and modal transformations.* The
technique was applied to the case of free interface modes.
This was later modified to a state-space representation incor-
porating velocities, rather than momentum quantities.> More
recently, a consistent state-space formulation, based on a
variational principle, has been proposed,® as well as the use
of the adjoint system at the substructure level’ both for un-
symmetic systems.

The procedure developed herein considers only displace-
ment transformation, is valid for symmetric substructure
systems, and results in Hermitian global system matrices.
Damping at the connections is not considered and the con-
nections are assumed to be rigid. Fixed constraint modes are
considered, but the concepts are also valid for free interface
modes. The method is an extension of earlier works using
fixed interface modes.? Methods described in Refs. 5, 6, and
8 use the transpose of the matrix of complex modes in ob-
taining the dynamic equations of the coupled structure,
whereas the method proposed herein uses the complex con-
jugate transpose of the model matrix. Thus, the eigenvalues
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of the coupled structural system occur in complex conjugate
i 9
pairs.

Real Normal Modes

The structural dynamic equations for one substructure
with viscous damping are partitioned in the following form:

Mpyp Embi Xy N Cop bi Xp
my, i m;; X; Cip icii X;
kpi Xp Jo
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in which the ““»’’ index relates to boundary degrees of free-
dom that are in common with other substructures and ¢’
refers to internal degrees of freedom.

For an undamped structure, the static constraint modes
and fixed interface normal dynamic modes are utilized in a
local substructure transformation'?

o
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in which (the prime represents the transpose)
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p, are generalized coordinates for the fixed constraint nor-
mal modes and p, (=x,) are boundary degrees of freedom.
[¢.] are the static response modes for unit displacements of
the boundary degrees of freedom with zero internal loads

i3=0

To.] = — [ky]1 ' ky) 6



DECEMBER 1985

[k;]17" is the inverse of [k;]. [¢,] is a matrix of real nor-
mal modes for the dynamic behavior of the undamped
substructure having all boundary degrees of freedom fixed

(6,1 Im;]1¢,] = (1] Q)]
[6.) [k;i] (9,1 =[Q7] ®)

with the prime representing the transpose. [I] is the identity
matrix and [Q?] is the diagonal matrix of the squares of un-
damped natural frequencies.

Normally a limited number of these dynamic modes are in-
corporated in the analysis, depending on the frequency range
of interest. The kinetic, T, and mechanical energy U, are
then approximated by

T='%{p} [m]{p} )]
U=Y{p} ' [k]{p} (10)
in which
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In situations where the transformation is also applied to
the damping matrix, the free-vibration equations of motion
may be written as functions of {p} rather than {x;} of Eq.

(1
[m]{P) + [€1(p) + [k] (P} ={0) (16)

in which [¢] is, in general, a full matrix

(€] = [a] " [c] [a] = { ————————— } a7
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For certain forms of the damping, the matrix of normal
modes, [¢,], also diagonalizes the damping matrix [c;]!

(] =10,]1" [c;][¢,]=2[511Q] (18)

in which [{] are the modal damping ratios. The other
elements of [¢] are of the same form as those of [m], ex-
cept that damping matrices rather than mass matrices are used
in Eqgs. (14) and (15).

Damped Complex Modes
For arbitrary viscous damping, the real transformation
[¢,] does not, in general, diagonalize the damping matrix as
in Eq. (18). The [«] transformation, Eq. (3), may be
modified to the following:

(71| [0l
[a] = { ------- oeo- } (19)
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in which the only difference is the use of damped mode
shapes [¢,] rather than the real normal modes [¢,]. These
are, in general complex, involving phase relationships, and are
obtained from the first-order eigenvalues problem

[[al =N[b]] (v} =1{0} (20)

in which both velocities and displacements are considered at

the substructure level
X
fo) =4 1)
x
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For underdamped systems, the eigenvalues and eigenvectors
occur in complex conjugate pairs and the matrix of eigen-
values [A] are eigenvectors [V] may be partitioned as

follows!!:
(A 1 [0]
[Al= |--——--- s (24)
(01 | [A]
|:[¢d] | }
V= |-~ frmm (23)
[641[N] 1 [o4] [N*]

Modal Synthesis

In the substructure transformation, Eq. (2), the boundary
degrees of freedom were kept and the internal degrees of
freedom were transformed to generalized coordinates cor-
responding to the fixed mode shapes This transformation is
repeated for each substructure. Certain boundary degrees of
freedom are common to two or more substructures. A global
transformation is then used to incorporate this fact. Each of
the generalized dynamic coordinates of each substructure
are, however, left intact, {p,;},={qg,}, {=1,2,..., N, for N
the number of substructures and the subscript d for damped
complex modes

0} ={tp){ (P} {Pp}3Pa}s- I NP (26)
ta}’ ={{aa}{{as}s- (a4} 5 (g} "} @7

The global transformation [B] is defined as
{p}=181{q} (28)

The global matrices are then given by

N

[M] =), (81,141,181, 9)
r=1
N -

[K1= Y [B1/[K1,181, (30)
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N
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in which [B], is the portion of [8] in Eq. (28) correspond-
ing to the rth substructure

18], = [ ————— J 32)
(0] & ... U, 1 ...1 [0} [0]

with [B,], representing the compatibility conditions for the
degrees of freedom at the boundaries of the substructure
“r.”

Global Dynamic Equations

The global mass, damping, and stiffness matrices utilizing
the global transformation [S], Eq. (28), and the damped
modes of the substructures, [«],, Eq. (19), for r=1,2,..., N,
are formulated to be Hermitian, i.e., equal to their complex
conjugate transpose,

N

(M]= Y (B[] Im],[a],(8], 33)
r=1
N

[K1= Y, (8)/[al/Tk], [a],18], (34)
r=1
N

[C1= Y 181/l el [al, 18], 3%
r=1

in which [«] frepresents the complex conjugate transpose of
the local transformation of the rth substructure. The matrices
are of the form
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in which the subscript d refers to the damped complex modes
of each substructure and

(Mygl,=1dq1Tm;], [04), (39
My, ] = il [Bo1/1mp,],[Bs1, (40)
(Mpg), = Mgy}, =181/ my], (41)
(Kaal, = (041 Tkl [¢4], (42)
[Kppl = ij:l (81, [Kps1, 18,1, (43)
[Caal,=[¢a]Tci], [D4], (44
[Cppl = i{ﬁb]’[(}bb]r[ﬁb]r 45)
[Coal, = [Cap1/=1851/[Cral, (46)

in which the () matrices for each substructure are given in
Eqgs. (13-18), except that [¢,] and [¢,] T are used instead
of [¢,] and [¢,] . The global transformation [S] and the
static response modes [¢.] are real, but the [¢,] are com-
plex quantities.

The global dynamic equation is then expressed in first-
order form similar to Egs. (20-23)

(Al{s]—[Bl{s}=0 @7
in which
[K] | [0]
R e (48)
(0] | —[M]
-y =M
[Bl]= |--------~ R 49)
M} | —[0}

q
(s} ={~;} (50)
q

Both [A] and [B] are Hermitian matrices, i.e., their com-
plex conjugate transpose is equal to the matrices and thus
the eigenvalues of the complete structure are real or occur in
complex conjugate pairs. This is easily shown by considering

m, m
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Fig. 1 Structure (7 =20).
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Fig. 2 Substructures 1-3.
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Fig. 3 Substructure 4.
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the complex conjugate transpose of the determinant obtained
from an eigenvalue consideration of Eq. (47) (see the
Appendix).

I[14]=A(B1]1* =141+ =»*(B] + |
= {41 =2 [B]l=0 €2

Example

A simply coupled structure with 20 degrees of freedom
was used to compare the method outlined herein with other
existing techniques by numerical simulation. The structure
was composed of four substructures, each having five
degrees of freedom, as shown in Figs. 1-3. The stiffness and
mass are arbitrarily set equal to 1 and the damping values
are given in Table 1. The mass, stiffness, and damping
matrices of the total structure are of the following form:

- ,
1 (0]
(m]=m _ (52)
[0]
- 1_
© s g -
-1 2 -1 [0]
~-1 2 -1

[kl =k (53)

L -1 1]
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[c]= (54)
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[0] ClgtCyp —Cx
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Four different synthesis techniques were used, all with fixed
interface modes. For all of the four methods described
below, only two dynamic modes were used in each of the
substructures together with the static constraint modes.

Method 1. Real normal substructure modes neglecting the
off-diagonal elements of the reduced damping matrix [¢,,],
Eq. (17).

Method 2. Real normal substructure modes including the
off-diagonal elements of the reduced damping matrix.

Method 3. Damped complex substructure modes for which
both velocities and displacements are transformed.

Method 4. Dampled complex substructure modes for
which only the displacements are transformed. This is the
method proposed herein.

Method 3 is an adaptation of the method described in Ref.
8 applied to the state-space formulation in the case of fixed
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Table 1 Damping coefficients

Degrees of Viscous Degrees of Viscous

freedom daming, ¢ freedom damping, ¢
1 0.10 11 0.09
2 0.50 12 0.50
3 0.08 13 0.07
4 0.60 14 0.11
5 0.09 15 0.50
6 0.11 16 0.09
7 0.50 17 0.07
8 0.12 18 0.40
9 0.09 19 0.11
10 0.07 20 0.50

interface modes. The complex conjugate transpose of [«a] is
used, however, rather than the transpose as proposed ini-
tially. [«] relates the x and p coordinates, Eq. (2),%

Xp try (o] [o]
Py
Xy (o1 o1 1ol )
= Py (55)
XiJ [¢.] [0]  [o4]
. bq
X; (0] [o. ] [é4110A]

This technique requires more numerical manipulation and
computer storage than the other methods, which consider the
transformation of displacement degrees of freedom only.
Similarly, in method 4, a Hermitian system is obtained by
using the Hermitian of [«] in the formulation of the global
[A] and [B] matrices, rather than the transpose. The order
of the matrices {A] and [B] of Eq. (47) is the same for all
four methods, 22x 22, since there are eight complex mode
shapes and three boundary degrees of freedom. The
subroutine EIGZC was used to solve eigenvalues of Eq.
(47)!* and did not consider the fact that the matrices [A]
and [B] are Hermitian, since it solves the generalized eigen-
value problem for arbitrary complex matrices.

The velocity transformation, Eq. (3), is not needed in syn-
thesis applications, since all of the necessary information is
contained in [¢,], the top left nxn matrix of Eq. (25).
Similarly, the complex conjugate mode shapes, i.e., the
lower nxn matrix of Eq. (25), is not required.

The results are compared to values obtained numerically
from the whole structure. The real and imaginary portions of
the complex conjugate pairs of eigenvalues are given in
Tables 2 and 3, respectively, with the error of each method
expressed as a percentage of the value indicated in the left
column. Only the smallest five frequencies are tabulated

A=—0+iw (56)

The four method give quite acceptable results for the im-
aginary portion of the eigenvalues, corresponding to the
damped natural frequencies. The first method, however,
does not synthesize the damping very well, as is seen in Table
2. The use of either normal or complex modes in the syn-
thesis process appears to be accurate enough, at least for this
example. Accuracy of the mode shapes is also good for all of
the methods.

The computer times of the central processing unit of an
IBM 370/175 to obtain these results are given in Table 4.
Method 3 requires over twice the computer time of method
4. Method 2, which keeps the off-diagonal damping terms, is
slightly slower than method 1, and the technique proposed
here, using complex modes, takes about one-third more time
than the methods that use real normal modes.
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Table 2 Real portion of eigenvalues (¢, damping)

Reference, Modal synthesis results, relative error, %
0 Method 1 Method 2 Method 3 Method 4
0.000689 0.73 0.44 0.29 0.29
0.006108 0.33 —-0.54 —-1.26 -0.56
0.014764 —2.38 -0.14 —1.93 -0.83
0.032430 -10.27 1.26 -0.29 0.06
0.044951 3.81 2.26 -0.05 0.85
Table 3 Imaginary portion of eigenvalues (v, frequency)
Reference, Modal synthesis results, relative error, %
@ Method 1 Method 2 Method 3 Method 4
0.012193 0 0 0 0
0.036530 —0.06 -0.06 —0.06 —-0.03
0.060701 -0.12 —-0.09 —0.05 0.04
0.084646 —-0.33 -0.34 - 0.04 0.05
0.108321 —-0.53 —-0.34 0.05 0.11
Table 4 Computer time and [Az] ~" is the diagonal matrix of 1 over the square root
Method Exact ] > 3 1 of th'e real (p051t1v§3 or nega}tlve) values of [B]. The sum of
: the eigenvalues A is real, since the pre- and postmultiplica-
Time 28.5 6.8 6.9 21.4 9.2 . .. . . . .
tion of a Hermitian matrix by the diagonal matrix D will
yield a matrix with a real trace. The product of the eigen-
. values A is also real, since the determinant of [D] [C] [D] is
Conclusion

The proposed numerical procedure for the synthesis of
damping and frequency as well as mode shapes is shown to
be as good as existing methods. Only displacements are
transformed, and velocities need not be transformed, as in a
state formulation. It uses complex mode shapes rather than
real normal modes for the substructures. The global stiff-
ness, mass, and damping matrices are obtained to yield a
Hermitian system by use of the complex conjugate transpose
of the local transformation matrix, rather than its transpose.
This then yields complex conjugate pairs of eigenvalues in
underdamped dynamic systems.

Appendix: Proof of Complex Conjugate
Pairs of Eigenvalues®
For both {A4] and [B] Hermitian, i.e.,
[A]* =[A] (A1)
[B]* =1[B] (A2)
[B] then may be diagonalized by a unitary matrix [ U]
[Bl=[U][A]glU]" (A3)

in which [A], are the real eigenvalues of [B] and [U] is a
unitary matrix

(ur-'=1u1+ (A4)
The eigenvalue problem
[A]{x}=A[B]{x] (AS5)
may then be reformulated as
[DIICTID]{y] =Aly) (A6)
in which [C] is Hermitian
[C1=[U]"[A][U] (AT)
[D]=[Ag] " (A8)
(x}=[UILD]{y} (A9)

real due to the fact that the eigenvalues of {C] are real and
the square of the diagonal elements of [D] is also real. Since
the sum and product of the eigenvalues A are both real, the
eigenvalues must be real or occur in complex conjugate
pairs.
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